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BY
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I. This paper has two purposes: to develop a theory of special functions for
SO (n)/SO (n—2); and to apply it to the study of systems of singular integral
operators on S™~! having specified transformation properties under the action of
rotations. The results on special functions for SO (n)/SO (n—2) enable us to classify
all “irreducible” systems and to decompose an arbitrary singular operator as a
sum of operators equivalent (modulo the smoothing operators) to an element of
one of the irreducible systems.

To motivate the study of systems of operators, and to illustrate the point of view
adopted, we ask the following question about operators on L?(E,). Which bounded
operators on each L?(E,), 1<p<oo, or merely on L%(E,), enjoy the invariance
properties given below(*)?

(1) 7T'=Tr, for each h € E,, where (7,1)(x)=f(x—h);

(2) 8,T=Ts, for each real number A>0, where (5, f)(x)=f(A"1x);

(3) L,T=TL, for each rotation a, where (L,f)(x)=f(a"'x).

Conditions (1) and (2) show that (Tf)"(¢) =m(£)f(¢), where m(¢£) is a homogeneous
function of degree 0, and f'is the Fourier transform of /. If condition (3) is satisfied
then m must be constant, and T a scalar multiple of the identity. Therefore, to
obtain a nontrivial answer we must relax at least one of the three conditions. To
discuss translation-invariant singular operators we keep (1) and (2). (Keeping (1)
and (3) leads to the theory of “variable-kernel” operators, to which we shall
return shortly.) We relax (3) by asking instead if there is a (complex) vector space
V of operators such that the action T2s L,TL;! yields an (irreducible) representa-
tion a — R, of the rotation group SO (n) on V. In other words, as an equality in V,

3" L,TL;* = R,T

for each Te V and ae SO (n). If a— R, is the trivial representation given by
R,=1Ifor each a, we recover condition (3). If a — R.=a is the standard representa-
tion of SO (n), the system spanned by the Riesz operators Ry, ..., R, defined by
(R, (&)=¢;| €| Yf(é) satisfies (1), (2) and (3'). Moreover, as a consideration of
(Tf)"(¢) shows, any system satisfying (1), (2) and (3') for the standard representa-
tion must coincide with the span of the Riesz operators. As a generalization of the

Received by the editors February 18, 1969.
(*) The question and some of the discussion that follows is taken from [23, Chapter I1I] and
is given here to help develop the setting for considering systems of singular operators.
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two examples just given, we consider the irreducible representation a — R§ of
SO (n) on the spherical harmonics of degree s. The system spanned by all s-fold
iterates of the Riesz operators has the required transformation properties, and is
the only one that does. In a certain sense these are enough examples for E,. In
[5] it is shown that any translation-invariant singular operator T can be written
as T=>2 o T,, with T lying in the system described above for a — R;. Moreover,
any ‘““variable-kernel” operator T can be written as T=>32 o 4,7, where T is as
before, and A, is the operator given by multiplication by the bounded smooth
function ay(x). In both cases the series converges in LP-operator norm.

We now pose a similar question for singular operators on S"~*. We ask which
irreducible representations R of SO (n) will support a system V of operators T
satisfying

(1.1) L.TL;* = R,T

for each ae SO (n). Also, for the representations that do, we ask how many
““different” ones are possible. Here the answer is different than the one sketched
above for E,. To understand why, we must consider the action of SO (n) on the
symbol functions. For E, these are functions on the sphere S"~! (or its Cartesian
product with E,), while for S"~! these are functions on CS(S"~?!), a compact
manifold that may be identified with SO (#)/SO (n—2). (See (1.2) and the remarks
on identification following (1.5).)

In §II we investigate in detail the Fourier analysis (Peter-Weyl expansion) of a
function in L%(SO (n)/SO (n—2)). The results obtained are in close analogy to the
classical decomposition

(1.2) LA(S™-Y) = i H,

where H, denotes the space of restrictions to S™~* of homogeneous harmonic
polynomials of degree s in x,..., x,. We show that in the Peter-Weyl decom-
position

(1.3) L*(SO (n)/SO (n—2)) = > D #,

the space 5, can be realized as the restriction to the manifold

x4+ +x2=1
SRR E LS|

(14) CS(S* 1Y) = {(x, ¢) e E, xE,

X1£1+ o +xn§n = 0}

of a space Q,, of polynomials in x,, .. ., x,, §, ..., £, that have the desired trans-
formation behavior (Theorem 2). It is these spaces that are used in §IV to construct
operators having specified transformation laws analogous to (1.1). We show that
the polynomials in Q,, are harmonic in a sense related to the action of SO (n) on
E,x E, given by (2.3), and that >, Q,, is in fact the space of all harmonic poly-
nomials (Theorem 3). The chief difference between (1.2) and (1.3) is that while H;



1969] SYSTEMS OF SINGULAR INTEGRAL OPERATORS 495

is irreducible under the action of SO (), 5, is in general a sum of more than one
irreducible subspace.

Estimates for the operator A~*, which plays a role analogous to the A-?
introduced by Calderén and Zygmund, are proved in §III. The description of A~
in local coordinates is carried out there as well. In §IV we give definitions and pose
the problem on the existence of systems in a more precise form. We construct
canonical systems that are analogous to the examples presented above for E,,
and prove a decomposition theorem of an arbitrary singular integral operator on
L?(S"~') (Theorem 5). This decomposition theorem allows us to classify all
possible systems of singular operators transforming according to an irreducible
representation of SO (n) (Theorem 6).

The contents of this paper form most of the author’s doctoral dissertation,
written for Princeton University under the direction of Professor E. M. Stein.
It is with great pleasure that the debt owed him is here recorded.

NOTATION. Most notation will be explained as it is introduced. In general, E,

will denote k-dimensional Euclidean space and x=(xy,..., x;) a point in this
space. The norm of x will be denoted by |x|. The multi-index convention for
differentiation in E, will often be used. Thus if a=(c, ..., o)

3|“|f ( 6)" oot ey

ox* ox. f= oxfr- - -6x%kf'

The Fourier transform of a function fin L(E,) or L*(E,) will be denoted f and
defined by

(1.5) 7 = f F)e d.

By SO (n) we denote group of rotations in E, that preserve orientation.

IDENTIFICATIONS. The group SO (n) acts transitively on S*~*={x € E, | |x| =1} by
the action x — ax, where a=(a,,) is regarded as an n x n matrix and x as a column
vector. The fixing group of the “north pole” N=(0, .. ., 0, 1) is a copy of SO (n—1),
and so we have the identification S"~*~SO (n)/SO (n—1). The symbol o(T) of a
singular integral operator T on L?(S"~1) is a function on the cotangent bundle
T*(S™~1), which may be described as

THS™Y) = {(x, ) € Eyx By | [x| = 1, x¢ = 0},

where x¢=x,£,4 - - +x,£,. For each fixed x we may introduce a metric in the
fibre over x,

TES™ ) = {(x, &) e{x}x E, | x¢ = 0}

by use of the norm

(1.6) [€] = (3+ - +£2)12,
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where ¢ stands for (x, £) € T¥. This metric depends differentiably on x. Since it is
homogeneous and o(T") is homogeneous of degree 0 on each fibre of T*(S"~1),
o(T) is actually determined by its value on the cosphere bundle of S~ (see [21]),
which may thus be written as

(1.7) CS(S™ 1Y) = {(x, ) € E,x E, [} x¢ = 0}.

The group SO (n) acts transitively on CS(S™~?), and the fixing group of the point
(N, v5) is {(ay) eSO (M) | @pn=0n_-1.n-1=1}, where v,=(0,...,0,1,0). Thus
CS(S™"1) can be diffeomorphically identified with SO (1)/SO (n—2). When we use
the symbol CS(S ") we shall always mean the manifold given by (1.7), and when
we write CS(S™" 1)~SO (n)/SO (n—2) we shall regard SO (n—2) as the fixing
group of the point (N, v,) defined above.

The action of SO (n) on SO (7)/SO (n—2) induced by g-SO (n—2)2s (ag)
-SO (n—2), when transferred to CS(S™~') by the identification described above,
becomes

(1.8) (x, &) —=> (ax, aé).

If we compute the action on 7*(S™~!) induced by the action x> ax of SO (n)
on S™~1, the result is also (1.8). We shall rely heavily on this last remark in several
places. It may be restated as follows: if /,(x) =ax, then

I (x, &) = (ax, af),

where [} is the map: TX(S" ') — T*(S™?) induced by /,.

Action of SO (n) on operators and symbols. If T is a singular integral operator in
a suitable class, then so is L,TL; . To be specific, whenever we say T is a singular
operator we shall mean that T lies in the class C3(S™~!) defined by Seeley in [21].
The requirements thus imposed on 7 may be summarized by saying that the
transfer of T to any coordinate neighborhood U yields an operator of the form
(Tuf)(x)=a(x)f(x)+[ En_, KO, x—=Y)f(y) dy +(Rf)(x), x € U. Here k(x, z) is to be
a Calderon-Zygmund kernel that is C* for z#£0, a(x) a bounded smooth function,
and R a “smoothing” operator.

The symbols ¢(T) and o(L,TL; ') are related by a transformation law:

(1.9) o(T)(x, ) = o(L.TL; ")(ax, aé).

This transformation law will be derived in §IV in a slightly different context
(Proposition 10).

Representations of SO (n) and integration against characters. The irreducible
representations of SO (n) are in one-to-one correspondence with dominant weight
vectors m=(my, . . ., my), where k =[n/2]. We require that the entries be nonnegative
integers (we shall not consider double-valued representations) satisfying m, = m, >
-+ 2m20 for n odd and m;2my2 - - - Z|m,| for n even. We shall denote the
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representation corresponding to the dominant weight vector m by R™. See [24] for
a brief discussion of this correspondence, or [1] or [25] for a complete discussion.

We shall have occasion to use the following easily verified fact about the char-
acters of irreducible representations of a compact group. Let R be an irreducible
representation of the compact group G that is a subrepresentation of a representa-
tion L of G on a Hilbert space 5 Then the projection =y from 5 onto the closed
subspace #; of 5 consisting of all the copies of irreducible spaces on which the
action of L is equivalent to that of R is given by

(1.10) v = d f (Lo)Rx(a) da,

where dj is the degree of R and y; is its character. Here as throughout, the Haar
measure da on SO (n) will be assumed to be normalized so that [, ,, da=1.

II. We begin by recapitulating in Theorem 1 the results of the Peter-Weyl
theorem as they apply to SO (n)/SO (n—2)~ CS(S™~!). Before defining the spaces
Pl and Q,, that will be used to set up a correspondence between symbol functions
and operators (in §IV), we define the notion of an SO (n)-harmonic polynomial.
After showing that the restriction map to CS(S™~?!) has kernel 0 on Q,, (Theorem
2), we show that the polynomials in Q,, are SO (n)-harmonic (Theorem 3). The
Corollary of Theorem 3 may be interpreted as explaining the fact that the restriction
map has kernel 0 on Q,,.

Let L denote the left regular representation of SO (1), n23, on

L*SO0 (n)/SO (n—2))
defined by (L,f)(x)=f(a"'x) for fe L*SO (n)).
THEOREM 1.

@.1) L*(SO (n)/SO (n—2))= 3, B,

where each ,, is an invariant subspace such that the restriction L|#,,= Si=, @ R™*.
In the first sum the summation is over all dominant weights m of the form (m,, my, 0,
-+, 0). In the second sum sp,=m,—|my|+1 for n24, s,=2m+1 for n=3, and
R™* are copies of the irreducible representation R™ corresponding to the dominant
weight m.

Proof. For n=3 the statement is part of the Peter-Weyl theorem applied to the
left regular representation of SO (3) on L%(SO (3)). For n=4 we apply the Peter-
Weyl theorem to conclude that L=3, @ c,R™ The coefficients c,, can be com-
puted as follows. Let V'™ be a representation space for R™. By applying the branching
theorem twice, (see [1, pp. 251-253)), first on restricting R™ to SO (n—1), and then
on restricting each irreducible subrepresentation of R™|so(,_1, to SO (n—2), we
see that an m, — |m,| + 1-dimensional subspace of V'™ is left invariant by R™|s ¢, - 2.
The conclusion then follows from the Frobenius reciprocity theorem.
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We pass to the notion of a G-harmonic polynomial. The terminology and nota-
tion is from [8]. Let ¥ be a finite dimensional real vector space and let S(V'*)=the
polynomial functions on V. Suppose G acts on V by the action v-2-g-v. Then it
acts on V* by (g-v*)(v)=v*(g !-v), and this action can be extended to S(V*).

Now each element X € V gives rise (by parallel translation) to a vector field on
V, which we regard as a differential operator o(X) on V. This mapping X — 9(X)
extends to an isomorphism of the symmetric algebra S(¥) over ¥ onto the algebra
of all differential operators on ¥ with constant complex coefficients. We let I(V)
denote the image of the elements of S(V) invariant under the action of SO (n),
and I,(V) denote the image of those elements of I(V) with zero constant term.

DEFINITION. An element p € S(V'*) is a G-harmonic polynomial if it is annihilated
by all invariant differential operators (of positive degree):

2.2 o)p =0 forJel, (V).
If we take ¥ to be a real n-dimensional vector space with basis {0/0x,, . . ., 0/0x,},
choose the dual basis {xi, ..., x,} for * and let SO (n) act on V* by x%s ax,

where x is regarded as a column vector, then we recover the classical definition of a
harmonic polynomial in xi,..., x,. For our purposes we shall take G=SO (n)
and let V be a real vector space of dimension 2n with basis {0/0x, ..., 0/ox,,
0/0&,, . .., 0/0¢,}. We choose the dual basis {x,, ..., x,, &, ..., &} for V* and let
SO (n) act on V'* by the action

23) (x, &) —> (ax, af).

Here x and £ are to be regarded as column vectors. When we speak of a ‘““harmonic”
polynomial in x,, . . ., x,, &, .. ., &, it will always refer to the action (2.3) of SO (n).

Eventually (Theorem 3) we shall show that the spaces P/ and Q,, we are about
to define are spaces of SO (n)-harmonic polynomials in the sense of the above
definition. Before beginning the proofs of Theorems 2 and 3, we write down all
the necessary definitions and give the statement of these theorems.

Let n=3, and let m=(m,, m,, 0, ..., 0) be a dominant weight of the form dis-
cussed in Theorem 1. Let r and s be any two nonnegative integers such that

24 r+s=m+\my|, |my] £r < m.

Let us realize R"-:-*® on H,(x)={(solid) homogeneous harmonic polynomials in
variables x,, ..., x, of degree r, complex coefficients}, and similarly, let us realize
R®:0--20 on H(£)={(solid) homogeneous harmonic polynomials in variables
£, ..., &, of degree s, complex coefficients}. Then H,(x) ® H(£) can be regarded
as a vector space of polynomials p(x, §) such that p(tx, ué)=1t"u'p(x, £). The
tensor product R0+ & R®:0:---:0 acts on H,(x) Q Hy(£), but not irreducibly.

LEMMA 1. Let r and s be nonnegative integers withs < r. Let R* denote the irreducible
representation of SO (n) corresponding to the dominant weight (A, 0, . .., 0) and let
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RM*2 denote the one corresponding to the dominant weight (A, Ay, 0, .. ., 0). Then
for n =4 the tensor product breaks down as follows into irreducible representations,
each with multiplicity 1:

Rr ® RS = R'*s @ Rrts—2 @ . @ R—s
@ Rr+s-1,1 (_D Rr+s-3,1 @ ..
(2.5) o
@ R,

This decomposition is given in [15, p. 276}, for the group O(n). All the representa-
tions on the right side of (2.5) remain irreducible on restriction to SO (n), provided
n#4. If n=4, the irreducible representation R*1**2 (A, >0) of O(4) decomposes as
RM:*3 @ R™+~?a on restriction to SO (4). See [1, pp. 96 ff. and p. 262].

We notice that under the restrictions (2.4) on r and s the representation R™
occurs exactly once on the right side of (2.5). For such r and s we are in a position
to make the following

DerINITION. The space P™; is the irreducible subspace of H,(x) ® H,(¢) (re-
garded as polynomials in x, ..., x,, £, ..., £&,) consisting of vectors transforming
according to R™ under the action (2.3) of SO (n).

Summing over r and s satisfying (2.4) we have the

DEFINITION. For n24,

(2.6) On = 2 @ P
r+s=my+|mgliImglsSr<m;
We note that there are s, =m,; — |mg| + 1 irreducible summands in (2.6). For n=3
we shall adopt a modification that will have s,,=2m+ 1 terms. See (2.14).
Let us recall the expression (1.7) for CS(S™~!) as well as the remarks made
afterwards about the identification of CS(S"~*!) and SO (n)/SO (n—2).

THEOREM 2. Let n=4 and m=(my, m,, 0, . . ., 0) be a dominant weight. The space
QOn defined by (2.6) is mapped by the restriction map to CS(S™~?) into

#, = L¥(SO (n)/SO (n—2)).

The restriction map commutes with the action of SO (n) induced on each of these
spaces by (2.3). Furthermore, the restriction map has kernel 0 on Q,, and carries Q,,
onto ¥,

THEOREM 3. Let n=3. The space H(V*) of SO (n)-harmonic polynomials in
Clxy, ..., Xp €1,y - - -, €] under the action (2.4) coincides with the (algebraic) direct
sum

On.

(my,mg, 0, ...,0)

Here Clxy,..., X, &1, .., €] denotes the ring of complex coefficient poly-
nomials in xy, ..., X,, &1,..., &
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CoROLLARY. If h is an SO (n)-harmonic polynomial that vanishes on CS(S™~1),
then h is the zero polynomial.

ReMARK. For the Corollary in a much more general setting see [12].

The proofs of these statements will occupy most of the remainder of this chapter.
After the proof of Theorem 2 we shall introduce the modifications necessary in the
definition of Q,, for the case n=3. Theorem 4 will give the results for n=3 corre-
sponding to Theorem 2, whose proof we now begin.

Ifqge Clxy,. .., xn, &1, . . ., &), We define the polynomial g, by

9u(x, §) = g(a”*x, a™*§).

Let CS stand for CS(S™~!), and let Res, denote the restriction map to CS
for polynomials in Q,. Then if L is the left regular representation discussed in
Theorem 1,

dalcs = La(qlcs),
so that restriction to CS commutes with the action of SO (n), and hence Res,
carries Q,, into J,. Since Q,, and 5, have the common dimension s, =m, — |my| + 1
as complex vector spaces, Theorem 2 will be proved once we show that the kernel
of Res,, is zero.

To do this we shall use the following two propositions, which we prove at the
end of this chapter, using the methods of algebraic geometry. Let S denote the
ring C[xy, ..., X5, &1, - - -5 &l

PROPOSITION 1. Let n=2 and let q € S be any polynomial that vanishes on CS(S™~1).
Then there are polynomials A, B, C in S such that
@.7) g = A(|x|2—1)+B(|€|2~ 1)+ Cxt.

PROPOSITION 2. The vector space homomorphism ¢. S @ S @ S — S defined by
#(A4, B, C)=A|x|2+ B|¢|2+ Cx¢ has as its kernel the ideal in S generated by the
three elements

(Iglz, - leza 0)’ (xg’ 0’ - |X|2), (Oa Xf, - |§I2)

If g lies in the kernel of Res,, we apply Proposition 1 to it. Writing 4, B and C

as a sum of homogeneous polynomials:

(2.8) 4=34, B=3B, C=3¢
ji=0 j=0 i=0

and substituting the resulting expression (2.8) into (2.7) yields, on equating terms
of equal homogeneity:
As|x|2+B,|f|2+Csxf =0
As_o|x|2+ B, _o|€|2+ Cs_ox—A;—B; =0
(2.9) .o
AP-2|x|2+Bp—2l§|2+Cp—2x§_Ap_Bp =q

Ao+Bo = 0,
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where p denotes the total homogeneity m, + |m;| of q. Applying Proposition 2 to
the top line of (2.9) yields A;=c,_5|é|2+Bs-2x€, Bi= —ay_o|x|2+y,_oxé. (Here
We may assume o _g, Bs_3, ¥s—2 are homogeneous of degree s—2.)

Substituting into the second equation of (2.9) yields

(210) (As—z+°‘s—2)|x|2+(Bs—2"'°‘s—2)|§|2+(Cs—2—ﬁs—2—'}’s—2)x£ =0.
Applying Proposition 2 to (2.10) yields

As gt oy = ag_y|€|2+B;_axé,

By ;—o5_5= "“s—4|x|2+’)’s-4xf-

We can now substitute these expressions into the third equation of (2.9), and so on,
until we arrive at the equation

Ap+ B, = )€ —ap _o| X2+ (Bo_2+¥p-2)XE,

where o, _5, B,_5 and y,_, are homogeneous of degree p—2. But then, from the
equation in (2.9) involving terms of homogeneity p,

(2.11) q = a|x|2+b|¢|2+cxé,

where a, b and ¢ are homogeneous of degree p—2.
DEerINITION. Let R™ be the irreducible representation of SO (n), n=3, whose
highest weight is (m,, mg, . .., m,). The richness of R™ and of m is

Im| = |my|+ - +]|my].

It is easy to show that if |m|=r, then R™ occurs as a subrepresentation of Q" st,
acting on ®" E,, where st, denotes the standard representation a — a of SO (n)
acting as rotations on E,. See [24]. We shall use a converse of this fact:

LEMMA 2. Any subrepresentation of Q' st, has richness at most r.

The proof is a simple argument by induction, using the fact that if R is an
irreducible representation of richness ¢, then R ® st, breaks up into irreducible
representations whose richness is at most #+1. See the discussion of Cartan
composition in [24].

It follows from Lemma 2 and the use of the identification mentioned just before
Lemma 1 that in the decomposition into irreducible subspaces of

S; = {peS|degreep < 1}

under the action ¢ g, of SO (1) none of the irreducible representations that
occur has richness exceeding .
Now it follows from the projection formula (1.10) that

@.12) 4, 8 = dy f _ ax. ORa(8) .
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Substituting the expression (2.11) on the right side of (2.12) we obtain

405 6 = dalxl® [ a,(x, O%ale) de-+dnlél? [ bulx, OF(e) de
(2 1 3) SO (n) 80 (n)

+dy|x]? f %, On(2) dg.
SO (n)

But each of the integrals on the right must be zero, since the richness of R™ is
p=degree g, while a, b and ¢ lie in S,_,. This completes the proof of Theorem 2.

The case n=3 is atypical in that the multiplicity of H, in 5 is 2r+1. Let us
consider first the example of R!, which occurs three times in L2(SO (3)). We may
realize it in two ““different” ways on H,(x) and H,(¢) respectively. The proof of
Theorem 5.2 applies so far. To find the ““other” realization we use the fact that for
n=3 the adjoint representation ‘‘degenerates” into the standard representation
R*. Guided by the construction performed for the adjoint representation in the
case n25 (for n=4 the adjoint representation is not irreducible), we look at
H,(x) ® H,(¢) and select the three dimensional space spanned by the polynomials
X1€0— X081, X163 — X381, Xa€3— Xx3€2. Here we resort to using polynomials of degree
2 to get all the representations we need.

The Clebsch-Gordan formula for SO (3) is

R ® RS = R'ts @Rr+s—1 (_D ,,@Rr—s

for 0<s=r (see (2.5)). To get all the spaces we need for R™ we allow r and s to be

nonnegative integers such that 0<s<r=<m and r+s is either m or m+1. This

determines 2m + 1 products that contain R™ acting on a space P/, < H,(x) ® H(¢).
DEeFINITION. For n=3 and m20, set

.19 On = > oPn 2. @ Pr.
OSssSr=mir+s=m OSsSrEmir+s=m+1

Note that the total homogeneity of any polynomial in the first sum of (2.14) is

exactly one less than that of any polynomial in the second.

THEOREM 4. For n=3 the space Q,, is mapped by the restriction map to CS(S?)
into the space #,. The restriction map commutes with the action of SO (3) on both
spaces. Furthermore, the restriction map to CS(S?) has kernel 0 on Q,, and carries
QOn onto 7,

Proof. The demonstration repeats that of Theorem 2 until one considers the
analogue of the equations (2.7) and (2.9). Now ¢ is no longer homogeneous, but
as we have just remarked, it is the sum of two homogeneous pieces ¢, and g, that
differ by 1 in their total homogeneity. Considering separately the terms of odd and
even homogeneity in (2.7), we obtain two sets of equations analogous to (2.9).
By the same argument as in the proof of Theorem 2 we show that both g, and ¢,
are identically zero.
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Proof of Theorem 3. Suppose first that n> 3, and let g € Q,,. It is a homogeneous
polynomial, of degree p say. Since S(V*)=I(V*)H(V*) (see [8]),

(2.15) q=nh+ rh,

where h and each A, are harmonic polynomials and the r; are invariant polynomials.
(We may assume p >0, since the case p=0 is trivial.)

Since SO (n) acts by linear substitutions, it is easy to see that if r is an invariant
polynomial so is each of its homogeneous terms. Dually, if D is an invariant
differential operator, so is each term of fixed order (that is, each homogeneous
part). Hence if A is harmonic each term in the expression of 4 as a sum of homo-
geneous polynomials must be annihilated by each invariant differential operator D.

Hence we may assume that in (2.15) 4 is homogeneous of degree p=degree ¢,
while each of the k; appearing has homogeneity strictly less than p. Now we may
apply the projection formula (1.10) to g. The resulting expression (2.12) becomes

@.16) 9(x, &) = dy f o, )%a(@) da+0.

The integrals of the A; are 0 by the same argument as in Theorem 2, since their
degree is lower than that of ¢. Finally, by applying any invariant differential
operator under the integral sign, the right hand side of (2.16) is seen to be harmonic.

If n=3, we write g=¢q, +g,, where g, is homogeneous of odd degree and ¢, is
homogeneous of even degree. The argument above may be carried out for each
separately. (We observe that there are no invariant polynomials of odd degree.
See [25, p. 32].)

Now let A(x, £) be any SO (n)-harmonic polynomial. As we have shown above,
each homogeneous term of 4 is harmonic. Let us therefore assume that 4 is homo-
geneous of degree k, and show that A is a finite sum h=3 ¢,, where ¢, € Q.
We begin by writing h=73 h,+h,, where the sum is finite and

@.17) b = dy f hofm(@) da = dy f () (@) da,
SO (n) S0 (n)

while for each m the similar integral taken for A; vanishes.

Let us temporarily fix m=(m,, m,, 0, . . ., 0) and consider A, Substituting ¢x for
x and t¢ for ¢ in the last equation shows that 4, is homogeneous of degree k.
Its restriction to CS(S"~?) is in 5, and so there is a polynomial ¢, in Q,, that
agrees with A, on CS(S™1). Let us denote the homogeneity of g, (or in the case
n=3, that of the piece whose homogeneity has the same parity as k) by p. By Lemma
2 we must have p £ k. Since h,,—q,, vanishes on CS(S™~?), we can, as in the proof
of Theorem 2, obtain the equations

Ag|x|2+ By| €2+ Cox €
hm_qm = +A3_2|x|2+Bs_2|§|2+Cs_zxf—As—Bs+ e
+ Ay _g|x|2+ By 5| €2+ Cy_gxé— A — B+ - - -
+Ap_o|x|2+ B, _o|€|2+Cp_gxt—Ap,—B,+ - - -

(2.18)
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If p=k, the argument following equations (2.9) may once again be applied to
show that h,—gq, is the zero polynomial. If p<k, we use a similar recursion
argument to obtain

(219) hy = (Ai-at o) x>+ (Be-z— - 2)| €|+ (Croa—Brc-2— i -2)XE.

Since S(V*) is the direct sum of H(¥*) and the ideal in S(V'*) generated by I,(V'*),
the invariant polynomials of positive degree, A, is the zero polynomial.

Finally, let us deal with the harmonic polynomial A, =h— h,,. It is homogeneous
of degree k. Since for each m and each (x, £) e CS(S" 1)

dy f (h)(@~x, a~'E)n(a) da = 0,
SO (n)

the polynomial A, vanishes on CS(S™~!). We may now write equations analogous
to (2.18) with h, —g,, replaced by h;. A recursion argument like the one following
equations (2.9) leads to an equation similar to (2.19), and so as above, A, is the
zero polynomial. Thus any harmonic polynomial 4 is a finite sum h=3,, ¢,, with
qn € On.

The Corollary to Theorem 3 is proved by writing any harmonic polynomial A
as h=3 g, with g, € Q. If h vanishes on CS(S™"?), so does each g,, since {5}
is an orthogonal family. But by Theorem 2, this means that each g,, is identically 0.

The proof of Proposition 1 proceeds with the use of some elementary notions
and theorems in algebraic geometry (over the field of complex numbers), and of
the celebrated Hilbert Nullstellensatz. We begin with a brief summary of the facts
that will be used. If K is a field, let K[X1, ..., X,] denote the ring of polynomials in
indeterminates X, ..., X,.

Let A be a ring with unit (usually a polynomial ring over a field, some quotient
of one, or a localization of such). An ideal I is prime in A if and only if 4/I is an
integral domain, and maximal if and only if A/I is a field.

If A is a quotient ring of C[X, ..., X,] and m is a maximal ideal in 4, then A/m
is isomorphic to C (see [19, p. 5).

If Iis an ideal in K[X,, ..., X,], the locus (or variety) of I in K™ is the set of all
points (x, . .., x,) € K such that f(x,, ..., x,)=0 for each fin I. A variety in K™
is the locus in K™ of some ideal of K[X3, ..., X,]. A variety is irreducible if it is
not the union of proper varieties. Since C is algebraically closed, the ideal J of all
polynomials that vanish on ¥, the locus of an ideal 7 in C[X}, ..., X,] is prime if
and only if V is irreducible.

The dimension d of the locus of a prime ideal I in C[X, ..., X,] is the trans-
cendence degree of C[X, ..., X,/ over C. This.is equal to the dimension of the
variety of I as a manifold (at its nonsingular points).

If I is an ideal in C[Xj, ..., X,] its radical 4/I is the set of all polynomials f
such that f e I for some positive integer e. By the Hilbert Nullstellensatz, if I is
any ideal in C[Xj, ..., X,), then the set of all polynomials f in C[X;,..., X;]
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that vanish on the variety of I is exactly the ideal 4/I. (This uses the fact that C is
algebraically closed.)

For proofs and more discussion see [9, pp. 1-7], [13], or [27, pp. 160-168 of
Vol. II].

We shall be interested in the polynomial ring S=Cl[xy, ..., X,, {1, . . ., ). By
(p, 4, ...) we shall mean the ideal in S generated by (p,q,...). The next two
lemmas will allow us to apply the Hilbert Nullstellensatz to any polynomial ¢ that
vanishes on CS(S™~1).

LEMMA 3. The locus in C?" of each of the ideals I,=(|x|?—1, |¢|2—1, x£) and
Jo=(|x|2—1, [€|2—1) is connected.

Proof sketch. The complex locus of I, consists of points (zy, ..., Z,, Wi, ..., W,)
in C?" satisfying the equations

220) 23+ +22=1, wWi+---+wi=1  zZyw+---+zw, =0.

By setting z,=x;+iy;, w;=§;+in; we see that CS(S™~?) can be identified with the
“real locus™ of the three generating polynomials, i.e., those points (zy, ..., z,,
Wi, . .., W,) such that for each j=1,..., n we have y;=0 and »;=0. Let us solve
equations (2.20) for (say) z,, w, and w, in terms of z,, ..., z,, Wa, ..., w,. We can
then define a curve in the complex locus starting from an arbitrary point
@, ...,25 w,..., wd) to some point on the real locus as follows: we let the
imaginary parts of z,, ..., z,, ws, ..., w, tend to zero one at a time. Then we can
let the numbers x;, ..., x,, &, . .., & vary so that the resulting values of z;, w,
and w, are real. We omit details of the (double-valued) solutions and the pre-
cautions that must be taken (including relabeling if necessary) to avoid vanishing
denominators. See [14] for these details. Since the real locus is connected, and any
point in the complex locus can be connected by a path to a point on the real locus,
the complex locus is connected.
The proof for J, is simpler.

LeEMMA 4(2). Let n2 3. If a polynomial in S vanishes on the real locus of
(IxI—1, |¢]*=1, x§)
in R?", then it vanishes on the complex locus (2.20) of this ideal.
Proof. As in the proof of Lemma 3, we set z;=x;+iy;, w;=¢§;+in; and regard
the real locus as those points such that y,=0, ,=0. Let x°=(4/2/2, 4/2/2,0, ..., 0),

£=(2/2, —4/2/2,0,...,0), and solve the equations (2.20) near (x°, £°) to
obtain

Z; = ¢(22, B zn),
(2.21) Wi = ¢k(z27 ey Zpy W3y ey wn)a k = la 2’

(?) The author would like to thank Dr. Pierre Samuel for suggesting the use of this lemma
as well as for sending him the proof, due to A. Weil, given for Lemma 6.
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where ¢, ¢; and i, are analytic single-valued functions of their arguments for
|za—4/2/2| <8, |z;] <8, |w;| <8, j= 3. It can be easily verified that if z; is close to
1v/2/2 and real, and z;, ..., z,, w3, ..., w, are close to zero and real, then the cor-
responding values of z;, w;, w, obtained from (2.21) will also be real.

If f is any polynomial in S, then for (z, w) close to (x°, £°) we may write

(2'22) f(Z, W) = f(¢19 2255 2ps ‘/’1) ¢2’ Was ..oy wn) = Z Cngz e z:"Wga e wﬁ"a
a,B

where a=(ay, . .., o,) and B=(Bs, . . ., B;) are multi-indices. But each c§ in (2.22)
can be computed by taking derivatives on the right side along real axes, i.e., along
the x,, ..., x,, &, ..., &, axes. Butif fvanishes on the real locus, all such derivatives
must be zero, by the remark at the end of the last paragraph. Hence if f vanishes
on the real locus it vanishes for all points on the complex locus distant (in C?")
from (x?, £°) less than some positive number e.

To complete the proof we note that the Jacobian

o A(xP=1, €21, xé)
(2.23) T B £)

has rank 3 at every point of the complex locus, so that the locus is an analytic
manifold. Since this analytic manifold is connected (Lemma 3) any analytic
function f that vanishes on an open set of it vanishes identically on it.

At this point we can apply the Hilbert Nullstellensatz to obtain (2.7) with ¢
replaced by a positive integral power ¢g°. The following lemma allows us to assert
that e can be taken to be 1, thus completing the proof of Proposition 1.

LEMMA 5. The ideals I, and J,, of Lemma 3 are each prime for n=2.

Proof. Since V,, the locus in C?* of I, is a connected analytic manifold (see
proof of Lemma 4), it must be an irreducible variety, for if ¥, were reducible there
would be two polynomials f and g such that fg vanishes identically on V,, but
neither f nor g does. In this case, some nonempty open set in ¥, would be the
union of the zero sets of f and g, each of which, however, is 2n—4 dimensional.
Since V, is irréducible, its ideal, which by the Hilbert Nullstellensatz is 4/1,,, is
prime. Lemma 6 together with the remarks after (2.23) shows that I=+/L

The proof for J,, is similar.

LEMMA 6. Let k be an algebraically closed field and I an ideal in k[X;, ..., X,]
whose radical v/I is a prime ideal of dimension d. Suppose the Jacobian matrix
(0F;/0X,) of the generators F,, ..., F,_, of I is of rank n—d at each zero of I in k™.
Then I=+/1.

Proof. It must be shown that the affine coordinate ring A=k[X,,..., X;}/I
= k[x, .., x,] has no nilpotent elements.
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The A-module of differential forms D=Q,, is the 4-module defined by the
generators dx; and the relations

oF
i a—l‘,‘ (X) dxi =0

for each Fe I. The hypothesis on the rank of the Jacobian implies that if m is a
maximal ideal of A4, then A/m ®, D is a vector space of dimension d over the
field A/m. (Since k is algebraically closed A/m is actually isomorphic to k.)

For a fixed maximal ideal m of 4, let A’ denote the local ring

An={flg|f.g€ A, gemj

and let m’ denote its maximal ideal mA’. Since m is maximal A/m=A4'|m’ (=k),
and hence (by the localization of modules of differentials)

Alm Q4 D = (A'|m'") @4 Q.

But there is a canonical isomorphism: m/m'2 — (A'/m") ® o Q4. (See [6, exposé
17, No. 3, Theorem 5].) Hence the dimension of m’/m'2 over A’'/m'’ is d, so that A’
is (a regular local ring and in particular is) an integral domain [6, exposé 17, No. 1,
Theorem 1 and Theorem 2].

Since each A,, is a reduced ring, and the canonical homomorphism A — I1,, nax Am
is injective [2, Chapter II, Section 3, No. 3, Corollary 2 of Theorem 1] it follows
that 4 is a reduced ring.

REMARK. The proof of Lemma 6 given above involves the notion of a regular
local ring. For a discussion see either [6] or [27, Vol. II, pp. 301-302].

LEMMA 7. For nz 3 the ideal (|x|%, |£|?) is prime in S.

Proof. This follows from the fact that (|x|?) is prime in C[x,, . .., x,] and (|¢|?)
is prime in C[,, ..., £,]. See [13, p. 86].

Proof of Proposition 2. The ideal the three elements generate is easily seen to
be contained in the kernel. Let (4, B, C) lie in the kernel. If C#0 then Cxf{e
(Ix]%, |€]® < S, while x¢ does not lie in this ideal (since it is linear in x,..., x,
and in §,..., £,). But by Lemma 7 the ideal (|x|2, |¢|?) is prime in S, and so
C=—B|x[>—y|¢|* for B,y € S.

Hence (4—Bx¢)|x|2+(B—yx£)|€|2=0, and since |x|? is irreducible in S, and
|€|2 does not divide it,

B—yx¢ = —a|x|?2 foraesS.

Thus (4 —Bx¢)|x|2=«|x|2|£|? and so A=a|§|2v+ﬁx§.

III. To construct singular operators we shall start with differential operators,
and compose them with suitable powers of A~!, where — A2 approximates the
Laplacian on S™~!. These powers of A~' will be considered in connection with
the function spaces LE(S™ 1) for 1 <p <o and k any integer. See [21] for a definition
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of these spaces in terms of a partition of unity {¢;}. For each k, LE=Lp(S""?)
is a reflexive Banach space that is isomorphic to L?(S™~?). If k20, then the space
of C~ functions is dense in Lf. It is not hard to show that any norm for L arising
from a partition of unity as in [21] is equivalent to the norm

» 1/p
3.1 ||fup,k={ » ||Df1,---,Df,,f||,,} ,
0<h=k

where the summation is over all A-fold iterates of standard basis elements
Dy;=x(9/0x;) — x,(0/0x;) of S,, the Lie algebra of SO (n). The measure used in
defining | f|,,0=|fl, is do, the (unique) rotation invariant measure normalized
so that (-1 do=w,_;, the surface area of S™~1.

DEFINITION. Let r be a nonnegative integer. We say that T is smoothing of order
ron L?(S™~1) if for all integers k, T is continuous: LE(S™~ ') — L2, (S™"1). If no
particular p is mentioned it is assumed that this holds for each p with 1<p<oco.

PROPOSITION 3. Let T: C*(S™Y) — C*(S™~*) be an operator that commutes
with the action L, of SO (n) on C*(S™~'). Suppose that T is bounded: L® — L*.
Then

(a) Forany De S,, TD=DT on C*(S""1);

(b) T is smoothing of order 1 if and only if for any D € S, DT is bounded: L* — L?;

(¢) T is smoothing of order r2 1 if and only if for any r-fold iterate D of elements
of S,, DT is bounded: L? — L*.

Proof sketch. Conclusion (a) follows immediately from

(32 (Df)x) = lim £7*[f(exp 1Dx)—f(x)],

since T commutes with rotations.

If T is bounded: L{ — L%, for each k, then taking k=0 and using (3.1) in the
definition of a smoothing operator shows DT is bounded L? — L?. For the converse
we use the fact that if A<k +1,

(3~3) Di,Du‘ : 'Di;‘Tf = DilT (th' © Dth)f

Thus | Dy, T(D;,- - - Dy, /), £ Cp|| D, - - Dy, f o S Cp| f|.x» and summing over A-fold
iterates with 0 <h <k + 1 yields the desired estimate. Part (c) is proved analogously.
Let P,(¢) denote the Poisson kernel

1

Wy -1

(A=r3(1—2rt4r2)-m2
for S*~1. We define the operator A~! on C*(S"~?) by

(3.4) anw = [ Ko,
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where
1

3.5) K(t) = — f PAt) ar.
0

PROPOSITION 4. The operator A~ is bounded: L*(S™~ ') — L?(S™~*) for | Sp < o0.
If Y, € H,, the spherical harmonics of degree s, then

(3.6) ATTY, = — Y/(s+1).

Proof. The first statement follows from Holder’s inequality and the fact that
for each x, K(x-y) is an L*(S"~!) function of y such that K(ax-ay)=K(x-y). (In
fact, A~ is given as a convolution on the sphere, regarded as a homogeneous
space of SO (n), with an L* function.)

If Y, is in H, then

@3.7) [ DY) dy = Y0

(See [3] or [22] for a discussion of spherical harmonics in n dimensions.) Inter-
changing the order of integration and letting p — 1 in the formula

S

J: {fs"“ P(x-y)Y(y)dydp = p ¥,

s+1
that follows from (3.7) establishes (3.6).

PROPOSITION 5. For 1<p<oo and k an integer, the operator A~ is bounded:
Lp(S™™*) — LE+1(S™ 7).

Proof. By Proposition 3, it is sufficient to show that if D;; is a standard basis
element of S,, then D;;A~! is bounded: L? — L”. Since L,A~*=A"1L, and

L,DyL;* = adj, (Dyy) = Z it Dy,

k<l
we have
(3.8) L.DyA " Lit = 3 @@, DA™
k<l
Let U be any open set containing N=(0, ..., 0, 1), and let f be any C*(S™~?)
function supported in aU={ax | x € U}. Then for any basis element D;; of S, and
Jfo=L,f (which is supported in U),

IDyA~ |, = |LeDyA™ L fal, = Z @i DA™,
(3.9) et ’
n(n—1)

—2 Max|Duh Sl

Hence it is sufficient to show that | A~f],., < C| f], for C* functions f supported
in some small open set of S™~*
x§+...+xﬁ=1}

Ue = {(xla- ) xn) 1—e<x,S1

I\
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where ¢>0 can be any fixed positive number. In fact, we shall prove the cor-
responding inequality for local coordinates X=(x,...,x,_;)€E,_, for U,
gotten by projecting a point x € U, onto the equatorial plane x,=0. If t=x-y
=X )1+ +X,y,, We may write t=1X,y) for |x|?2=xI+-.-.-+x2_; and
|7|2=y%+ .- +y2_, small (this makes ¢ close to 1).

LEMMA 8. The kernel K(t) given by (3.5) may be written as

1
K@) = an(l—z)-m—%'z—w;}lj (L= r2)(1 —rm=8)(1 = 2r1 4+ r3) "2 dr
(3.10) ) . ’
n—4\ _1 n-4(1 _ 2)(2 - n)/2
+(n—2) wn_lfo rr4(1—2rt+r?) dr.
Proof. Differentiation of both sides establishes the following identity given in
[16], valid for y> —1:

r r2)\+1
f (=11~ 2at+ 192 dr = o (1= 2ar 49
@1y *° Lo
—_—— 2A(1 — 2)-A-1
A (1-2at+12) dt.
Writing

P(t) = w 2irm 4 (1=r3) (1 =2rt+r2) ™2t w7 Y (1 —r* = H(1 —rH)(1 = 2rt +r2)~ ™2,

integrating from O to 1 with respect to r and applying (3.11) yields (3.10), with
a,=—2@"m2y,-1 (2/n-2).

Let us rewrite (3.10) as
(3.12) K(t) = a,(1—t)""=2124 4(t)+ B(¢).

For t#1 both kernels A(¢) and B(t) can be differentiated under the integral sign
with any operator D;;=x;(8/0x;)— x(0/0x;), or a similar one in the y variables.
Since such operators span the tangent plane at any point of U,, we may estimate
the gradient V;; of 4 or B (with respect to differentiation in local coordinates) in
terms of derivatives given by the Lie algebra. A simple estimate of such derivates
shows that if (X, ) denotes one of the kernels A(¢(X, y)) or B(t(X, 7)), then r(x, y)
is C* for X#y and for |X| and || small

(3.13) (%, 7) = O(|%—p|~"*9), V.r(%, 7) = O(|%—F| ~"*2).

Now if (Rf)(%)=[ r(%, 7)f(§) dy, it follows from the mean-value theorem
together with (3.13) and Lebesgue’s dominated convergence theorem that (6/0x,) Rf
(i=1,...,n—1) is given by a kernel k(%, y) satisfying

J.[k()?, )| dx = O(1) uniformly in j,
(3.14)
j|k()?, 7)| d9 = O(1) uniformly in x.
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Hence each operator (9/0x;)R is bounded: L*(U;) — L?(U,), and hence, Rf is
bounded: L?(U,) — L¥(U,). See [15, p. 59].

ReEMARK. In the proof of Proposition 8 we shall show that A(¢) and B(¢) in
(3.12) give operators that are actually smoothing of order 2. (The proof will use
the result that A~ is smoothing of order 1.)

To complete the proof of Proposition 6 we now show that the first term in (3.12),
which we denote by K;(¢), gives a bounded operator: LP(U,) — L%(U,). In fact

(3.15) Ki(t((x, 7)) = —(2/(n—2))w; 21 Q(x, p)|X—7|"*2,
where
(3.16) O(%, §) = 207 M2(1 - 1)@~ V2| g — j|~2

is C*® for X#y and satisfies
3.17) lim Q(%, y) = x2~2
gz

Now the function Q%®~?=14|x—y|%(1—1)~*is for |X—j| <} an analytic function
of the variables z,=x,—y; (j=1,...,n—1). By using the Riemann removable
singularities theorem for the function ¢,(z;) obtained by setting all the z’s other
than z; equal to 0 we see that in fact Q%™~2 is an analytic function whose real
part is bounded away from 0 for || <1~ 8. Hence Q(X, y) is actually C* for all
X, y. Let us write

(3.18) 0(%,7) = Q'(X, x—p) = xp~ 2+ a,(%)|x— | + as(D)|x—p|>+ - - -
+a,_o(X)|x—y|" 2+ b(x, y)|X, §|* 1,

where each a; and b are bounded C® functions with compact support. Substituting
this expression into (3.15) and using (3.5) we see that since w;*, =4T'(}n)m~H2m,

(3.19) Ki(1(%, 7)) = xz~2Q2—nm) " 'T(n/2)ym~"2|x— | ="+ 2 +r,

where r(X, ) gives rise to an operator R that is bounded: L?(U,) — L5(U,). (See
[15, p. 59].) The first term in (3.19) gives in coordinates X for U, the operator
x2=2A; 1! defined by

Agf = zjz (5)r

RN = (g lim [ 5N~ 5)lF-51 " dy.

-0 Jjz-gl>¢

(3.20)

(See [21, p. 662].)

Since U, has compact closure, Az ! is bounded: LP(V) — L2(V), where V is the
domain of the coordinates x for U,. This concludes the proof.

We remark that a simpler proof would show that R given by r in (3.19) is
smoothing of order 1 on U,, but for the proof of Proposition 8 we need the fact
that it is smoothing of order 2. Also, it is possible to arrive at a similar inequality
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without using complex variable theory by suitable use of Taylor’s theorem after
transforming the expression (3.16) for Q(x, y).

The invariant Laplacian on S™~! is given by A=Y, ., DZ. In terms of its action
on spherical harmonics, AY,= —s(s+n—2) Y, if Y, € H,. (See [7, pp. 385-389 and
p. 397} as well as [3] and [26, pp. 61-63].) Using A we can define the inverse to
A~ by

3.21) A= —AA T +(n—HI+(B—n)A~L
A simple computation shows that if Y, e H
(3.22) AY, = —(s+1)Y,

so that A and A~ are inverse to each other on C*(S"1).

But it follows from Proposition S and the fact that A is bounded: L, ,— L}
that A is bounded: LZ,; — L for k= 0. Since the dual of L} is L%, for l <p<o0
and g=p/(p—1), we obtain analogous results for k <0. We may summarize by
stating

PROPOSITION 6. For all integral k and 1 <p <oo, the map A~1 is an isomorphism:
L2(S™ 1Y) — LY, (S™Y). Its inverse is A given by (3.21) or (3.22).

Thus A~ bears a good analogy to (14 Ag)~?, where Az is defined by (3.20).
DEFINITION. The multiplier on spherical harmonics determined by the sequence

{As}2 o of complex numbers is the operator T defined by TY, =AY, if Y, € H,.
We shall often denote this operator by (A;). Thus,

A7t = —1)s+1), A= (—s(s+n—2)).

PROPOSITION 7. The multiplier on spherical harmonics (1/(s+1)—1/(s+2)) is
bounded: LY(S™™ 1) — LE . o(S™ 1) for all integral k and all complex A.

Proof. We consider only the case k=0. The case k=0 follows from a duality
argument. Expanding 1/(x+A) in a power series in 1/(x+ 1) and setting x=s gives

1 1

(3.23) e e R Ch Vi 20 (L= +(s+ 1),

with convergence absolute and uniform for fixed A and s=1. We may restrict
consideration to s 1 since the operator sending fto [-1 fdo is smoothing of all
orders. In view of Proposition 5 it is enough to show for s=1 the infinite series in
(3.23) gives rise to a bounded operator on LP(S™1). It is sufficient to show that
for some integer N (which may depend on A) >2., (1—A)7*1(1/(s+ 1)y gives rise
to a bounded operator on L?.

Let Py(x-y) be the zonal harmonic of degree s normalized so that Py(l)=1.
(See [3] or [7] for a discussion.) Then the kernel (1/w, ;) 2§ dsc,Ps(x-y) gives rise
to the multiplier on spherical harmonics determined by the sequence {c;}. (Here d;
denotes the dimension of H,.) For example, setting c,=r* yields the Poisson kernel.
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If ¢;= O(s~™2), then the kernel written down above is an L? function of y for each
fixed x. This follows from ij dx=1/d,, Parseval’s theorem, and the estimate
d;=0(s™"2). (See [5] for the last.) If we choose N so large that uniformly in s=1

©
z A= s+ D77 S s ™2,
N+1
then the operator it gives rise to will be given by a kernel Ky(x-y) that is an L?
function of y for each x and invariant undér rotations, and hence is bounded on L?.
We are now in a position to obtain a more precise expression for A~! in local
coordinates ¥ for U, ,={xe S""* | {<x,51}.

PROPOSITION 8. In local coordinates x for U,,,,

(3.29) (AT)E) = X2~ *(Az ) +(RAG),

where for each integral k, R is bounded: LY(Uy,5) — L2, 5(Uy0) and Az is defined
by (3.20).

Proof. In view of the expression (3.19) for K;(#(%, y)) and the remark made
after (3.20), it is sufficient to prove that the last two terms in (3.12) give bounded
operators: LE(U,,5) — L§ , o(U;,2). We shall show that they give bounded operators:
LE(S™ 1) — L2, o(S™1). As in the proof of Proposition 7 we may restrict con-
sideration to the case k=0.

Integrating A(¢) in (3.12) against Y, € H, shows that A(t) gives rise to the
multiplier on spherical harmonics (1/(s+#n—3)—1/(s+ 1)), which has the desired
boundedness by Proposition 7. The operator arising from B(¢) is treated by writing

n—2

_ 2\(2-n)2 — _n7e s
(3.25) (1—-2rt+r?) 2 T3 WP,

where Py(¢) is as in the proof of Proposition 7. (If A=(rn—2)/2, then
Ps(t) = PsA(t)/PsA(l)a

where (1 —2rt+r2)~2=3¢ rP}t). See [5, p. 903] and [3].) Multiplying (3.25) by
r*~* and integrating from 0 to 1 with respect to r gives an L}(S™~!) function of y
for each fixed x. It has the expansion

< n-2 1
& 2s+n—25+n-3

d;P(1).
Thus integration against B(¢) yields the multiplier on spherical harmonics

a2 (552 )
n—2\2s+n—2)\s+n-3)

which is bounded: L{(S™~ 1) — L2, ,(S™~1) by Propositions 7 and 5.
As a corollary of Proposition 8 we have
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PROPOSITION 9. Let D be a differential operator of order s on S*~ with C®
coefficients. Then
i*Do A== A+S,

where A € C2(S™~1) and S is a smoothing operator.

Proof. We may assume the coefficients of D have support in an open set of
S"™~! having arbitrarily small diameter. Since A~! commutes with rotations, we
may assume this set is U, as in Proposition 8. We write

(@*De Af(R) = 2 a(BID(~2A5)fIE)+ R,
lel=s
where the notation is as before and a=(ey, ..., «,_;) is a multi-index. Using the
Leibnitz rule on the terms in brackets we may express i*D o A~° as the sum of a
Euclidean singular integral operator and a remainder that smooths.

IV. In this chapter we prove the classification and decomposition theorems for
singular operators on LP(S™~1). The main tool is a linear map g — T, from the
space of SO (n)-harmonic polynomials to the C5(S™ ') operators. It is constructed
in such a way that

4.0 o(T,) = 4q|cs LTL:*=T,

a®

where ¢,(x, £)=q(a~*x, a~1¢). The fact that for each harmonic polynomial g the
operator T, is actually in C3(S™~ ') follows from Proposition 9. Let us assume
that this map g — T, has already been defined. Using Theorem 3 we see that for
each dominant weight of the form m=(m,, m;, 0,...,0) we obtain a family
0,={T, | q € Qn}. The equations (4.1) show that in fact g — T, gives an equivalence
between the action of SO (n) on Q,, and that given on 0, by T— L, TL; . This
representation of SO (n) on 0, is not irreducible, but we may use the decomposition
(2.6) of Q,, into irreducible subspaces to write
On = 2, CRES
r+s=my +imal;lmalSr=my

where V", ={T, | g € P} is invariant and irreducible under the action of SO (n)
(with the suitable modification for n=3, using (2.15)).

DEFINITION. By a system of operators on L?(S™~ 1) (or some other Banach space)
we shall mean a (complex) vector space V of such operators T. The systems V[
defined above will be called the canonical systems of singular operators.

DerFINITION. We shall say that a system V transforms according to a representation
R of SO (n) on V if for each ae SO (n) and Te V

4.2) LJL;* = R,T.

If {V}} is a (finite or infinite) collection of systems of C5(S™~!) operators trans-
forming according to (possibly inequivalent) representations R; of SO (n), we shall
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say that {}}} is a collection of independent systems if T, + - - - +T, (with T, e V)
smooths implies that each T; smooths.

THEOREM 5. Any singular operator T in C2(S™~1) can be decomposed into a sum

s(m)

T=2 2 T
m i=1

where Ty ;=Tp;+ Sy, with T* an element of one of the canonical systems V"
and S, ; a smoothing operator.

The summation is over all dominant weight vectors of the form
m = (mh my, 03 R 0),
for such m, s(m)y=m—|my|+1if n24, =2m+1if n=3.

THEOREM 6. If n24 and m=(m,, my, 0, ...,0) is a dominant weight there are
my —|mg| +1 independent systems of operators in C3(S™~1) transforming according
to the irreducible representation R™ of SO (n); if m is not of this form there are no
such systems.

If n=3 the number for R™ is 2m+1.

REMARK. The first equation in (4.1) together with Theorem 2 shows that for
fixed m=(my, m,,0,...,0) (n24) the systems V" <0, are in fact m; — |m,|+1
independent systems of C3(S™') operators. Of course, a different decomposition
of @, into irreducible subspaces could be used to define m, — |m,| +1 independent
systems. (Suitable modifications hold for n=3.) But the space 0, can be invariantly
characterized, modulo smoothing operators.

Before giving the proofs of Theorems 5 and 6 we construct the map g — T,
satisfying (4.1). We begin by defining the operators R, and X; and computing their
symbols. For more details see §4 of [14].

The first-order differential operators Dy, . . ., D, on S™~! are defined by extension
of functions to E,: for fe C*(S"?)

0 X
@3 (DN = I+l 5 £ (75):
where 6/0x; denotes differentiation in the jth direction in E,. We note that the D,
inherit the transformation properties of the 9/ox;:

n
LaDjLu-l = Z aijk.
k=1

The symbol of D; as a first-order differential operator can be computed by the
method given in [18, p. 63] as

4.4) o(D)(x°, £°) = -iD,[Z(xkgg—xgg;:)] = —iS,

k#7§
This is consistent with the definitions to be adopted below.
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DerINITION. The operators R; and X; are defined on C*(S™~?) by

(4.5) (XGHE) = %%, (Rf)x) = (DATS)(X).

One can easily compute the transformation laws

(4.6) LanLa_l = z aijk, LaRngl = z aijk.
k k

We shall want to speak of the symbols of such operators as CZ(S™™1) singular
operators, differential operators and powers of A~1. It will be convenient to use
the algebra CZ(S™" 1) =UJ, CZ(S"~ 1) discussed in [19] and, except for certain
changes in sign, the definition of o, on CZ(S™ 1)/CZ,_,(S"") given there.
Briefly stated, an operator is in CZ,(S"~?) if in each coordinate neighborhood U
the expression of A in local coordinates gives rise to an operator Ay =224 4, _;
satisfying (4,_;f) (&)=a,_(x, &) f(¢) for fe LX(E,_,) with support in the image
Qy of U. We require that a,_; be C® for ¢#0 and that R, ,,=>%, 4,_, be
bounded: L%(Qy) — L2, ,1(Qy). For r<0 let 7, denote the space of operators K
that (1) are given by kernels k(x, z) which are C* for z#0 and (2) are bounded:
L? — L%, ,. By a modification of the proof of Lemma 4 in [21], we can extend the
definition of o, for <0 to operators of the form T+ R, where T CZ,(S™~*) and
ReJ,, . (S"Y),ie, to CZ(S™ Y)+T,,:(S""1). With this extension

4.7 o(A4)oy(B) = o,,(AB)

continues to hold. Also, the function o, on CZy(S™"1)+Z,(S""1) agrees, except
for sign, with the function ¢ defined on CZ(S™"?) in [21]. In fact,

[CZy(S™™ D)+ TUS I T(S" ) = C2(S™7Y),

and both oy and o vanish on J(S"~'). Here we shall use the sign conventions
arising from the formula for operators H on L?(E, _,)

4.8) o(H)(x, &) = }:‘_{13 f . k(x, 2)e*¢ d.

>|zZl>¢

(Here k(x, z) is homogeneous of degree —r+1 in z and has mean value O for
each x.)

If A is in CZ(S™1), then o,(A4) satisfies the transformation law for a function
defined on T*(S"~!). More precisely, let U be a coordinate neighborhood for
S* ! and a: U— Qy<E,_; a chart. If ¢ and ¢ are in C*(S™"1), have their
support in U, and are =1 on a neighborhood V< U, then there is an operator H
in CZ,(E,_,)/CZ,_,(E,_,) supported in Q (which we may assume to have compact
closure in E,_;) such that

4.9 (PAY)f = H(fca Y ou

holds for functions f supported in U. Moreover, for x e V

(4.10) o (A)(x, &) = o(H)((x), (dok) ™€),
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where ¢, is any element in the fibre over x, and do¥ is the adjoint of the differential
of « at x. This formula is given on p. 264 of [19], where slightly different notation
is employed.

PROPOSITION 10. Forfe C*(S™*) and a € SO (n) set (L.f)(x)=f(a"*x), [,x=ax.
Then if

@11) A4eCZ(S"Y/CZ,_«(S"™Y), oL AL Y)(x, §) = oA) (@ 'x, a™*§).

(Here we use (1.7) and the remarks following it.)

Proof. Let U be a coordinate neighborhood for $™*~! and let ¢ and ¢ be two
C>(S™"1) functions with support in U that are =1 on the neighborhood V of x.
If «: U— Qy is a chart, then by (4.10)

o(LeAL; Y)(x, §) = o (H)(e(x), (de¥)~1€),
where H is an operator in CZ,(E, _,) such that
4.12) [(PLALZ )f)(x) = H(foa ) o

But for x € V and f supported in a~1U,

@1z (ESDALTDS ) = (GLAL (= 1) < L)@~ )
‘ = [H(fo [ o a ) o (@o )@ x),

on applying (4.12) to fo [,. Now (4.10) can be used with « replaced by the chart
B=aol, for a=1U to obtain

o(d)a™'x,a"*§) = o(H)(B(a™'x), (dBF-1,)"a™*¢)
o (H)(oAx), (do¥) " H(dlF)s 1507 1€)

o LAL; Y)(x, aa™*¢).

4.14)

Proposition 10 is very useful when dealing with a system of operators trans-
forming according to an irreducible representation R of SO (n). For then if we
know o(4) globally for one operator A4 we can compute o(R,A4) globally for every
a € SO (n). Conversely, if for some open set U of S*~! and each 4 we know
o(A)(x, §) for x € U, then (4.11) can be used to compute o(4) globally for each A.
In particular we may use the results of §III together with the fact that the system
{cA'| ce C} transforms according to the trivial representation of SO (1) to
compute (A1),

PROPOSITION 11. The operator A~ is in [CZ_,(S™~ V) +T5(S* V] T(S™"Y). Its
—1 order symbol is

(4.15) o1 (A" )(x, §) = [€]71,
where (x, £) € CS(S™~ 1) is as in (1.5).
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Proof. It is enough to consider $ A~ 'y, where ¢ and ¢ are arbitrary C ® functions
that are =1 in U;={xeS"'|1—e<x,<1} and are supported in a slightly
larger open set. By the remarks before (4.7) and Proposition 8,

o (AN, éy) = (E+E+---+E_1) 12 = &L

(See [21, p. 662] for o(Az)(€).) Now (4.15) follows from (4.11) together with the
fact that if aéy=((y, .. ., {,), then |aéy|2=0+ -+ 2=+ .-+ £_,. (Clearly,
(4.11) continues to hold in the present situation.)

Since the symbol map (principal part) is an algebra homomorphism, it follows
as a corollary of Proposition 11 that if D is a differential operator of order s on
S™~1 with C= coefficients, then

(4.16) oo(D o A=%)(x, €) = o(D)(x, £)|€] .

In particular, for the operators R; of (4.5)

(4.17) 0o(Ry)(x, §) = oo(iD; 0 A7) = £[€]71

Since the symbol of multiplication by a smooth function a(x) is a(x), we have
(4.18) ao(X))(x, &) = x,.

PROPOSITION 12. Let q(x, £) be any polynomial such that for real numbers t, u
q(tx, ué)=t"uq(x, £). Then

(4.19) T, = q(X, iD)A~s
is a CZ(S™~1) operator with

(4.20) o(T,) = q|CS(S™~Y).
Moreover, for a € SO (n),

“4.21) LTL;*=T,.

Proof. The transformation law (4.21) for a polynomial g=73 4 r; 5/ =s CasX*E?
follows from the transformation laws (4.6), which when rewritten become (4.21)
for the polynomials x, and £,. Also, (4.20) follows from (4.17) and (4.18), and the
fact that o, is a homomorphism.

DerINITION. If ¢ is an SO (n)-harmonic polynomial, then 7, is the C2(S™~1)
operator defined by (4.19).

From now on we shall only speak of T, for SO (n)-harmonic polynomials g.
In view of Proposition 12 we have achieved the construction ¢ — T, required for
the definitions at the beginning of this section.

Before passing to the proof of Theorem 5 we establish some preliminary
estimates.

LEMMA 9. Let he C*(SO (n)/SO (n—2)) have the expansion h=73, h,, with
hy, € K, (see (2.1)). Then as |m|=m, + |my| — ©
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(D) |Anl2=O(m|~*) for any integer k>0;
(2) d,=degree R™=0(|m|?").

Proof. For (1) we use the fact that 5, is the sum of eigenspaces of the (elliptic
invariant Laplacian (or Casimir operator) A=Y,., D} on SO (n). Since this
operator is invariant under the right as well as the left action of SO (n), the eigen-
value is the same for each summand in J£,. This eigenvalue A(m) is of the form

(4.22) Am) = = aymm;+ D bym,

where (a;;) is a positive definite symmetric matrix (see [10, pp. 246-247]). From
(4.22) and the projection formula

(4.23) (uh)&) = dn [ H@alag) da
for =, the projection onto 5, we see that for any integer k>0
m(A¥h) = [Am)[mmh = [Mm)]hy,.

(We used the facts that A is selfadjoint and that x(ab)=x(ba).)
Hence for any integer k>0

> Nm)PP*| a3 < o,

m
and the first part of the lemma follows.
The second assertion follows from an estimate using the degree formula for R™
given in [1, p. 250]. (A trivial estimate gives d,, = O(|m|"’), which is actually sufficient
for our purposes.)

LEMMA 9. Let us choose a finite set of differential operators on CS(S™~ ') whose
linear span is the space of all differential operators on CS(S™™') of order <2k.
If D is any element of this set and h,, € #,, then

4.24) | Dhp| £ Cy i|m|2" 2%,

Proof. Any differential operator D can be expressed in a small open set as the
sum with smooth coefficients of iterates of differentiations given by the standard
basis elements of the Lie algebra of SO (n). Since CS(S"~?!) is compact, it is
enough to prove an estimate like (4.24) for D an iterate of order <2k of Lie
algebra differentiations. Such operators D commute with the Laplacian on SO (n),
and thus preserve the spaces 5,. Write

(mmw=@meM@Mr@m

Then for each g € SO (n),
| Dhn(8)| < dul| Dhtm| 3| X 2-

But ||xn]2=1 as a function of a for each g, and the other factor can be majorized
by C|(A—1)*h,| s, since A—1 provides an isomorphism between L?, 5(SO (n)) and
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L?(SO (n)) for r=0 (see [21, pp. 684-685]). In view of (4.22) and the argument
following it, together with Lemma 8, we have (4.24).

Proof of Theorem 5. Using (2.6) and Theorem 2, let us write 5, as the (algebraic)
direct sum of irreducible spaces:

%u = S(Zm) Hm,u

i=1

and choose an orthonormal basis {ef}}, j=1,...,d,, for each H,; Then if
TeC3(S" Y,

s(m) dm
(4.25) o) = D ‘Z 21 celt.
m i=1j=

Let {¢,} be any C* partition of unity for S™~*. Let 77} denote the C3(S™" 1)
operator constructed as in [21, p. 678] with the use of {¢,} to have symbol ef}(x).
Then

(4.26) 1T fll, < ABu|fl2s

where A4 is a constant depending on n, p and {¢,}, and B, is a bound for efj(x)
and its derivatives of order =2n—2 with respect to cosphere variables. See [21,
p. 678]. By (4.25), (4.26) and Lemma 9 the series >, >;; Ti converges in L?-
operator norm.

Now let T, ;=2>9m, ¢iiTi7. Because of the way we have defined H,,, there is a
pair (r, s) of indices such that (T}, ;) =gn ;| CS, with g, ; € P/. Setting Ty ;=T,,
for each m, i we have

o) = o) T = olTn
with T, ; lying in the canonical system V/%. The conclusion of Theorem 6 now
follows from the fact that if Sisa C2(S™"!) operator and o(S) =0, then S smooths.

Let T be a bounded operator on a Banach space B of measurable functions on
S™-! whose norm |- | satisfies

M fal=111;

(2) a— | f.|| is a continuous function of a € SO (n) for each fe B.
Then for each a € SO (n), L,TL;* is bounded on B with norm equal to that of T.
Moreover, if ¢ is continuous on SO (n), the integral [g ., (L.TLz*)f(x)$(a) da
defines a bounded operator on B. These remarks apply in particular to B=L{(S™" 1)
for 1 <p<oo and k20, and to any operator in CZ(S™™1).

Proof of Theorem 6. Let V be any system of singular operators transforming
according to the irreducible representation R™ of SO (n). Fixing any element
T € V, we may write

4.27) T=2 > TnitSnd
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as in Theorem 5. Since this series converges in L2-operator norm, to compute

(4.28) d, f o LT (@) da

we may substitute (4.27) and integrate term by term. The resulting integrals
involving T, ; will be zero if m#m,, while the integral involving S, ; yields a
smoothing operator whose norm does not exceed that of T, ;+S,; The first
assertion can be justified by considering the integral

[ e[ @I pesa@ dads
S0 (n) S0 (n)

for ge C*(SO (n)), and using Fubini’s theorem and the Shur orthogonality
relations. (See [1].) The second assertion follows from the LP-operator convergence
of 3 Tpy.i+ Sm.i» and the remarks made just before this proof.

Thus the right-hand side of (4.28) becomes ; Ty,,.;+ S, where Ty, ; lies in one of
the canonical systems V% and S smooths. By a similar argument the left-hand side
of (4.28) is seen to be T. Thus T=T,, +S, with g, € Qp,. But for n24 each Q,
yields m;—|my|+1 (2m+1 for n=3) independent systems, and no more. This
concludes the proof of Theorem 6.

We remark that with the decomposition (2.6) of Q,, each canonical system V",
is described by the numbers r and s of multiplications and compensated differentia-
tions.
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